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ON THE FIRST STABILITY EIGENVALUE OF
CONSTANT MEAN CURVATURE SURFACES INTO
HOMOGENEOUS 3-MANIFOLDS
LUIS J. ALI´AS, MIGUEL A. MERON˜O, AND IRENE ORTIZ
Abstract. We find out upper bounds for the first eigenvalue of
the stability operator for compact constant mean curvature sur-
faces immersed into certain 3-dimensional Riemannian spaces, in
particular into homogeneous 3-manifolds. As an application we
derive some consequences for strongly stable surfaces in such am-
bient spaces. Moreover, we also get a characterization of Hopf tori
in certain Berger spheres.
1. Introduction
Let ψ : Σ2→M 3 be a compact surface immersed into a 3-dimensional
Riemannian space. We will assume that Σ is two-sided, which means
that there exists a unit normal vector field N globally defined on Σ, and
will denote by A its second fundamental form (with respect to N) and
by H its mean curvature, H = (1/2) tr(A). Every smooth function
f ∈ C∞(Σ) induces a normal variation ψt of the immersion ψ, with
variational normal field fN and first variation of the area functional
A(t) given by
δfA =
dA
dt
(0) = −2
∫
Σ
fH.
As a consequence, minimal surfaces (H = 0) are characterized as crit-
ical points of the area functional whereas constant mean curvature
(CMC) surfaces are critical points of the area functional restricted to
smooth functions f which satisfy the additional condition
∫
Σ
f = 0.
Date: September 10, 2018.
2010 Mathematics Subject Classification. 53C42, 53C30.
This work was partially supported by MECD (Ministerio de Educacio´n, Cultura
y Deporte) Grant no FPU12/02252, MINECO (Ministerio de Economı´a y Compet-
itividad) and FEDER (Fondo Europeo de Desarrollo Regional) project MTM2012-
34037 and Fundacio´n Se´neca project 04540/GERM/06, Spain. This research is a
result of the activity developed within the framework of the Programme in Sup-
port of Excellence Groups of the Regio´n de Murcia, Spain, by Fundacio´n Se´neca,
Regional Agency for Science and Technology (Regional Plan for Science and Tech-
nology 2007-2010).
1
2 LUIS J. ALI´AS, MIGUEL A. MERON˜O, AND IRENE ORTIZ
Geometrically, such additional condition means that the variations un-
der consideration preserve a certain volume function.
For such critical points, the stability of the corresponding variational
problem is given by the second variation of the area functional,
δ2fA =
d2A
dt2
(0) = −
∫
Σ
fJf,
with Jf = ∆f+
(
|A|2 + Ric(N,N)
)
f , where ∆ stands for the Laplacian
operator on Σ and Ric denotes the Ricci curvature of M 3. The surface
Σ is said to be strongly stable if δ2fA ≥ 0, for every f ∈ C
∞(Σ). The
operator J = ∆ + |A|2 + Ric(N,N) is called the Jacobi or stability
operator of the surface, and it is a Schro¨dinger operator. As is well
known, the spectrum of J
Spec(J) = {λ1 < λ2 < λ3 < · · · }
consists of an increasing sequence of eigenvalues λk with finite mul-
tiplicities mk and such that limk→∞ λk = +∞. Moreover, the first
eigenvalue is simple (m1 = 1) and it satisfies the following min-max
characterization
(1.1) λ1 = min
{
−
∫
Σ
fJ(f)∫
Σ
f 2
: f ∈ C∞(Σ), f 6= 0
}
.
In terms of the spectrum, Σ is strongly stable if and only if λ1 ≥ 0.
Observe that with our criterion, a real number λ is an eigenvalue of
J if and only if J(f) + λf = 0 for some smooth function f ∈ C∞(Σ),
f 6= 0.
In 1968, Simons [7] found out an estimate for the first eigenvalue
of J on any compact minimal hypersurface in the standard sphere. In
particular, for minimal surfaces in the 3-sphere he proved that λ1 = −2
if the surface is totally geodesic and λ1 ≤ −4 otherwise. Later on, Wu
[12] characterized the equality by showing that it holds only for the
minimal Clifford torus. More recently, Perdomo [6] gave a new proof
of this spectral characterization by getting an interesting formula that
relates the first eigenvalue λ1, the genus of the surface, the area and a
simple invariant. Finally, Al´ıas, Barros and Brasil [2] extended Wu and
Perdomo’s results to the case of CMC hypersurfaces in the standard
sphere, characterizing some CMC Clifford tori.
The standard 3-sphere is a simply connected space form (the compact
one). Besides them, the most regular Riemannian 3-manifolds are the
homogeneous ones and between them, the only compact are the Berger
spheres and their quotients. In the last years, the CMC surfaces of the
homogeneous Riemannian 3-manifolds have been deeply studied (the
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starting point was the work of Abresch and Rosenberg [1]) and several
stability results have been proved (see [11] and [8]).
In this paper, we look for estimates for λ1 and some characterizations
for compact CMC surfaces into 3-dimensional Riemannian spaces with
sectional curvature bounded from below. In particular, we find out up-
per bounds for λ1 for compact constant mean curvature surfaces into
homogeneous 3-manifolds. As an application we derive some conse-
quences for strongly stable surfaces in such ambient spaces. Moreover,
we get also a characterization of Hopf tori in certain Berger spheres
and into the product S2 × S1.
2. First results
Let ψ : Σ2→M 3 be a compact two-sided surface with constant mean
curvature H immersed into a 3-dimensional Riemannian space. Let us
introduce the so called traceless second fundamental form of Σ, that
is, the tensor φ given by φ = A − HI, where I denotes the identity
operator on X(Σ). Observe that tr(φ) = 0 and |φ|2 = |A|2 − 2H2 ≥ 0,
with equality if and only if Σ is totally umbilical. For that reason φ is
also called the total umbilicity tensor of Σ. In terms of φ, the Jacobi
operator is given by
J = ∆+ |φ|2 + 2H2 + Ric(N,N) .
Now let us choose a first positive eigenfunction ρ ∈ C∞(Σ) of the
stability operator. Thus Jρ = −λ1ρ or, equivalently,
(2.1) ∆ρ = −
(
λ1 + |A|
2 + Ric(N,N)
)
ρ.
Extending Perdomo’s ideas [6, Section 3] to our more general case, one
can compute
∆logρ = ρ−1∆ρ− ρ−2|∇ρ|2 = −
(
λ1 + |A|
2 + Ric(N,N)
)
− ρ−2|∇ρ|2,
and integrate on Σ to find
α =
∫
Σ
ρ−2|∇ρ|2 = −λ1Area(Σ)−
∫
Σ
(
|A|2 + Ric(N,N)
)
,
where α ≥ 0 defines a simple invariant that is independent of the choice
of ρ because λ1 is simple. In other words
λ1 = −
1
Area(Σ)
(
α +
∫
Σ
(
|A|2 + Ric(N,N)
))
.
Now from the Gauss equation, we obtain a relation between the norm
of the shape operator |A|2, the sectional curvature KΣ of the tangent
plane to Σ in M3, and the Gaussian curvature K of the surface as
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|A|2 = 2(2H2 + KΣ−K) and, by the Gauss-Bonnet Theorem, the
above formula becomes
(2.2)
λ1 = −4H
2 −
1
Area(Σ)
(
α + 8pi(g − 1) +
∫
Σ
(
2KΣ+Ric(N,N)
))
.
As a first consequence, we can establish the following result.
Theorem 2.1. Let M 3 be a 3-dimensional Riemannian space with sec-
tional curvature K bounded from below by a constant c. Consider Σ2 a
compact two-sided surface immersed into M 3 with constant mean cur-
vature H, and let λ1 stand for the first eigenvalue of its Jacobi operator.
Then
(i) λ1 ≤ −2(H
2+c), with equality if and only if Σ is totally umbilic
in M 3 and the normal direction to Σ is a direction of minimum
Ricci curvature of M 3 equals 2c,
(ii) λ1 ≤ −4(H
2+c)−8pi(g−1)/Area(Σ), where g denotes the genus
of Σ. Moreover, equality holds if and only if Σ has constant
Gaussian curvature, KΣ = c and the normal direction to Σ is
a direction of minimum Ricci curvature of M 3 equals 2c.
Proof. Taking the constant function f = 1 as a test function in (1.1)
to estimate λ1, one easily gets that
λ1 ≤
−
∫
Σ
1J1∫
Σ
12
= −2H2 −
1
Area(Σ)
∫
Σ
Ric(N,N)−
1
Area(Σ)
∫
Σ
|φ|2
≤ −2(H2 + c)−
1
Area(Σ)
∫
Σ
|φ|2 ≤ −2(H2 + c)(2.3)
Moreover, if the equality holds then φ = 0 on Σ and Ric(N,N) = 2c. So
Σ is totally umbilic and because of 2c ≤ Ric(X,X) for all X ∈ X(M3),
the normal direction to Σ is a direction of minimum Ricci curvature
of M 3. Conversely, if Σ is totally umbilic and Ric(N,N) = 2c then
J = ∆+ 2H2 + 2c and so λ1 = −2H
2 − 2c.
On the other hand, from (2.2) we get that λ1 ≤ −4(H
2+ c)−8pi(g−
1)/Area(Σ) since 2KΣ+Ric(N,N) ≥ 4c and α ≥ 0, which proves
the first statement of part (ii). Moreover, if the equality holds then
α = 0, KΣ = c and Ric(N,N) = 2c, so the normal direction to Σ
is a direction of minimum Ricci curvature of M 3 as above. The fact
that α = 0 implies ρ is constant and from (2.1) we see that |A|2 is
also constant, which means that K is constant by the Gauss equation.
Conversely, under such hypothesis we have J = ∆ + 4(H2 + c)− 2K,
hence λ1 = −4(H
2 + c) + 2K = −4(H2 + c)− 8pi(g − 1)/Area(Σ) by
the Gauss-Bonnet formula. 
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In particular, as a direct consequence of this theorem, we have the
following corollary in 3-dimensional simply connected space forms: the
Euclidean space R3, the hyperbolic space H3(c), and the standard
sphere S3(c); for this last case the result was achieved before (see [2]).
Corollary 2.2. Let Σ2 be a compact two-sided surface with constant
mean curvature H immersed into a 3-dimensional simply connected
space form M 3(c), and let λ1 stand for the first eigenvalue of its Jacobi
operator. Then
(i) either λ1 = −2(H
2 + c) (and Σ is totally umbilic in M 3(c)), or
(ii) λ1 ≤ −4(H
2 + c), with equality if and only if Σ2 is a Clifford
torus in S3(c).
Proof. Since K ≡ c we have Ric(N,N) = 2c, so the normal direction
of Σ is a direction of minimum Ricci curvature of M 3(c). Now, if
Σ is totally umbilic we know from Theorem 2.1 that λ1 = −2(H
2 +
c). Otherwise, by using the fact that the genus of a constant mean
curvature non totally umbilic surface in M 3(c) is greater than or equal
to 1 we obtain λ1 ≤ −4(H
2+c). Moreover, equality holds if and only if
g = 1 and Σ has constant Gaussian curvature, so by the Gauss-Bonnet
formula it must be K = 0. This occurs only when Σ2 is a Clifford torus
in S3(c). 
We can also derive the following consequence for strongly stable
CMC surfaces.
Corollary 2.3. Let M3 be a 3-dimensional Riemannian space with
sectional curvature K bounded from below by a constant c.
(i) There exists no strongly stable CMC surface with H2 + c > 0.
(ii) If Σ2 is a strongly stable CMC surface and H2 + c = 0 (that
is, c = 0 and H = 0 or c < 0 and H2 = −c), then Σ2 is
topologically either a sphere or a torus.
(iii) If Σ2 is a strongly stable CMC surface and H2+ c < 0 (that is,
c < 0 and H2 < −c), then
Area(Σ) |H2 + c| ≥ 2pi(g − 1).
The proof of item (i) above is a direct application of the estimate
for λ1 given in item (i) of Theorem 2.1, while items (ii) and (iii) follow
from the estimate for λ1 given in item (ii) of Theorem 2.1.
3. Surfaces in homogeneous 3-manifolds
From now on, we will focus our attention on the study of compact
CMC surfaces into homogeneous Riemannian 3-manifolds whose isom-
etry group has dimension 4. So, if M 3 is a homogeneous Riemannian
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3-manifold, it is well known that there exists a Riemannian submer-
sion Π :M 3→B2(κ), where B2(κ) is a 2-dimensional simply connected
space form of constant curvature κ, with totally geodesic fibers and
there exists a unit Killing field ξ on M 3 which is vertical respect to Π.
If ∇ stands for the Levi-Civita connection of M 3, we have
(3.1) ∇Xξ = τ(X ∧ ξ),
for all vector fields X on M 3, where ∧ is the vector product in M 3
and the constant τ is the bundle curvature (see [3] for details). As the
isometry group of M 3 has dimension 4, κ − 4τ 2 6= 0. We will denote
such manifolds and certain quotients by E3(κ, τ). Depending on τ and
κ, we can distinguish the different cases:
(i) When τ = 0, E3(κ, τ) is the product B2(κ) × R, that is, up
to scaling, the spaces S2(κ) × R for κ > 0, and H2(κ) × R for
κ < 0, and their quotients B2(κ)× S1.
(ii) When τ 6= 0, E3(κ, τ) is one of the Berger spheres S3b(κ, τ)
for κ > 0, the Heisenberg group Nil3(τ) for κ = 0 and the
universal cover ˜Sl(2,R)(κ, τ) of the Lie group Sl(2,R)(κ, τ)
for κ < 0, and their quotients S3b(κ, τ)/Zn and PSl(2,R) =
Sl(2,R)(κ, τ)/Zn, n ≥ 2.
The submersion Π : E3(κ, τ)→B2(κ) allows us to get a very interest-
ing example of surface. So, if γ is any regular curve in B2(κ) we know
that Σ = Π−1(γ) is a surface in E3(κ, τ) with ξ a tangent vector field,
i.e., 〈N, ξ〉 ≡ 0. From (3.1) it follows that ξ is a parallel vector field on
Σ and hence Σ is a flat surface. We will call Π−1(γ) a Hopf surface of
E3(κ, τ). If γ is a closed curve, Π−1(γ) is a Hopf cylinder, and addi-
tionally if Π is a circle Riemannian submersion, Π−1(γ) is a Hopf torus.
Let us observe that a Hopf torus Π−1(γ) has constant mean curvature
if and only if the curve γ has constant curvature.
In this section we start the study of the first stability eigenvalue of
any compact CMC surface ψ : Σ2→E3(κ, τ). According to (2.2), we
have to consider the curvature tensor of any E3(κ, τ). It is well known
(see [3]) that the Riemannian curvature tensor R of E3(κ, τ) is given
by
〈R(X, Y )Z,W 〉 = (κ− 3τ 2){〈Y, Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉}+
+ (κ− 4τ 2){〈X, ξ〉〈Z, ξ〉〈Y,W 〉 − 〈Y, ξ〉〈Z, ξ〉〈X,W 〉+
+ 〈X,Z〉〈Y, ξ〉〈ξ,W 〉 − 〈Y, Z〉〈X, ξ〉〈ξ,W 〉},
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for all vector fields X , Y , Z and W on E3(κ, τ). As a consequence, the
Ricci curvature of E3(κ, τ) is given by
(3.2) Ric(X,X) = κ− 2τ 2 + 〈X, ξ〉2(4τ 2 − κ),
for every unit vector field X on E3(κ, τ). Moreover, the sectional cur-
vature K of any plane P is
K(P ) = τ 2 + 〈ν, ξ〉2(κ− 4τ 2),
where ν is the normal to P .
A direct computation using the last two formulae shows that
2KΣ+Ric(N,N) = κ+ 〈N, ξ〉
2(κ− 4τ 2).
Therefore, equation (2.2) reduces to
(3.3)
λ1 = −4H
2 − κ−
1
Area(Σ)
(
α + 8pi(g − 1) + (κ− 4τ 2)
∫
Σ
〈N, ξ〉2
)
.
Now, as a direct application of the above equation we can get upper
bounds for λ1 for compact CMC surfaces into the different homoge-
neous spaces E3(κ, τ). Moreover, in some cases we characterize the
equality.
Theorem 3.1. Let ψ : Σ2→S2(κ)× R be a compact two-sided surface
of constant mean curvature H, and let λ1 stand for the first eigenvalue
of its Jacobi operator. Then
(i) λ1 ≤ −2H
2, with equality if and only if Σ2 is a horizontal slice
S2(κ)× {t};
(ii) λ1 < −4H
2 − κ−
8pi(g − 1)
Area(Σ)
.
Proof. Since τ = 0 and κ > 0 from (3.2) we know that
Ric(N,N) = κ(1− 〈N, ξ〉2) ≥ 0,
so that (2.3) directly yields λ1 ≤ −2H
2. Moreover, if the equality holds
then 〈N, ξ〉2 ≡ 1 which implies that Σ2 is a totally geodesic horizontal
slice.
On the other hand, since τ = 0 from (3.3), we get
λ1 = −4H
2 − κ−
1
Area(Σ)
(
α + 8pi(g − 1) + κ
∫
Σ
〈N, ξ〉2
)
≤ −4H2 − κ−
8pi(g − 1)
Area(Σ)
,
where we are taking into account that κ > 0 and 〈N, ξ〉2 ≥ 0. In fact,
equality holds if and only if α = 0 and 〈N, ξ〉 ≡ 0. This last condition
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implies that Σ2 would be a Hopf torus but that is not possible because
there are no flat compact surfaces in S2(κ)× R (see [10]). 
As a consequence, let us note that in S2(κ)×R if H 6= 0 then λ1 < 0
(so the surface is not strongly stable) and from here we easily get that
the only constant mean curvature compact strongly stable surfaces in
S2(κ)× R are horizontal slices S2(κ)× {t}.
Corollary 3.2. The only strongly stable compact surfaces of constant
mean curvature in S2(κ)× R are horizontal slices.
Theorem 3.3. Let ψ : Σ2→S2(κ)× S1 be a compact two-sided surface
of constant mean curvature H, and let λ1 stand for the first eigenvalue
of its Jacobi operator. Then
(i) λ1 ≤ −2H
2, with equality if and only if Σ2 is a horizontal slice
S2(κ)× {p};
(ii) λ1 ≤ −4H
2 − κ−
8pi(g − 1)
Area(Σ)
and equality holds if and only if Σ2
is a Hopf torus over a constant curvature closed curve.
Proof. The same as above but in this case for the equality in item (ii)
we do have CMC Hopf tori. Let us observe that from (3.3) the first
eigenvalue for such tori is λ1 = −4H
2 − κ because of g = 1, 〈N, ξ〉 ≡ 0
and α = 0. 
Theorem 3.4. Let ψ : Σ2→H2(κ)×R be a compact two-sided surface
of constant mean curvature H, and let λ1 stand for the first eigenvalue
of its Jacobi operator. Then
(i) λ1 < −2H
2 − κ;
(ii) λ1 < −4H
2 − 2κ−
8pi(g − 1)
Area(Σ)
.
Proof. In this case, since τ = 0 and κ < 0 from (3.2) we know that
Ric(N,N) = κ(1− 〈N, ξ〉2) ≥ κ,
so that (2.3) directly yields λ1 ≤ −2H
2 − κ. Moreover, the equality
cannot hold; otherwise we would have 〈N, ξ〉2 ≡ 0 which implies that
Σ2 is a cylinder which is not possible because it is compact.
On the other hand, since τ = 0, κ < 0 and 〈N, ξ〉2 ≤ 1 we have from
(3.3)
λ1 ≤ −4H
2 − 2κ−
8pi(g − 1)
Area(Σ)
,
and equality holds if and only α = 0 and 〈N, ξ〉2 ≡ 1. So N = ±ξ
which implies that the surface would be a slice of H2(κ)×R that is not
compact. 
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As a consequence, we derive the following result which is related to
Corollary 4.1 in [5] (it is important to realize that the notion of stability
in Corollary 4.1 of [5], as well as in Theorem C of the same reference,
is that of weakly stability although not explicitly stated).
Corollary 3.5. Let ψ : Σ2→H2(κ)×R be a compact two-sided surface
of constant mean curvature H.
(i) There exists no strongly stable CMC surface with H2 ≥ −κ/2.
(ii) If Σ2 is a strongly stable CMC surface and H2 < −κ/2, then
Area(Σ) |2H2 + κ| > 4pi(g − 1).
We study now the cases where the bundle curvature τ 6= 0.
Remark 3.6. When this happens, we know that {p ∈ Σ2 : 〈N, ξ〉2(p) =
1} = {p ∈ Σ2 : ξ(p) = ±N(p)} has empty interior because the distri-
bution 〈ξ〉⊥ on E3(κ, τ) is not integrable (see [10]).
We begin with the most simple case, that is, the Heisenberg group
Nil3(τ) where κ = 0.
Theorem 3.7. Let ψ : Σ2→Nil3(τ) be a compact two-sided surface of
constant mean curvature H, and let λ1 stand for the first eigenvalue of
its Jacobi operator. Then
(i) λ1 < −2(H
2 − τ 2);
(ii) λ1 < −4(H
2 − τ 2)−
8pi(g − 1)
Area(Σ)
.
Proof. Since κ = 0, from (3.2) we know that
Ric(N,N) = 2τ 2(2〈N, ξ〉2 − 1) ≥ −2τ 2,
so that (2.3) directly yields λ1 ≤ −2H
2 + 2τ 2. Moreover, the equality
cannot hold because by the results in [9] we know that there is no
totally umbilic surfaces in Nil3(τ).
On the other hand, by (3.3) we get
λ1 = −4H
2 −
1
Area(Σ)
(
α + 8pi(g − 1)− 4τ 2
∫
Σ
〈N, ξ〉2
)
≤ −4H2 + 4τ 2 −
8pi(g − 1)
Area(Σ)
.
If the equality holds then 〈N, ξ〉 ≡ 1 and it is not possible because of
Remark 3.6. 
Corollary 3.8. Let ψ : Σ2→Nil3(τ) be a compact two-sided surface of
constant mean curvature H.
10 LUIS J. ALI´AS, MIGUEL A. MERON˜O, AND IRENE ORTIZ
(i) There exists no strongly stable CMC surface with H2 ≥ τ 2.
(ii) If Σ2 is a strongly stable CMC surface and H2 < τ 2, then
Area(Σ) |H2 − τ 2| > 2pi(g − 1).
Now, let κ be positive, thus, E3(κ, τ) = S3b(κ, τ) is a Berger sphere.
For these homogeneous Riemannian manifold is very common to con-
sider two different cases based on the sign of κ−4τ 2 since the obtained
results are quite different.
Theorem 3.9. Let ψ : Σ2→S3b(κ, τ) be a compact two-sided surface of
constant mean curvature H, and let λ1 stand for the first eigenvalue of
its Jacobi operator.
(a) If κ− 4τ 2 > 0 then
(i) λ1 < −2(H
2 + τ 2),
(ii) λ1 ≤ −4H
2 − κ−
8pi(g − 1)
Area(Σ)
and equality holds if and only
if Σ2 is a Hopf torus over a constant curvature closed curve.
(b) If κ− 4τ 2 < 0 then
(i) λ1 < −2H
2 − κ + 2τ 2,
(ii) λ1 < −4H
2 − 2κ+ 4τ 2 −
8pi(g − 1)
Area(Σ)
.
Proof. (a) The proof of item (i) uses the fact that in this case
Ric(N,N) ≥ 2τ 2,
which by (2.3) gives λ1 ≤ −2(H
2 + τ 2). Besides the equality cannot
hold because of the non-existence of totally umbilic surfaces in the
Berger spheres [9]. On the other hand, since κ− 4τ 2 > 0, by (3.3) we
get
λ1 ≤ −4H
2 − κ−
8pi(g − 1)
Area(Σ)
.
If the equality holds then Σ2 has to be a Hopf torus because of 〈N, ξ〉 ≡
0 and reciprocally, any CMC Hopf torus satisfies the equality as we have
seen before.
(b) In this case,
Ric(N,N) ≥ κ− 2τ 2,
and (2.3) yields λ1 ≤ −2(H
2− τ 2)−κ. Again, equality cannot happen
since there exist no totally umbilic surfaces. Since κ−4τ 2 < 0, by (3.3)
we have
λ1 ≤ −4H
2 − 2κ+ 4τ 2 −
8pi(g − 1)
Area(Σ)
,
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and equality holds if and only α = 0 and 〈N, ξ〉2 ≡ 1 but again it is
not possible. 
The corresponding applications to strongly stable surfaces in the
Berger spheres have no sense because we know by [4] that there exist
no such surfaces in these ambient spaces. Finally, for the case κ < 0
we have the following result.
Theorem 3.10. Let ψ : Σ2→ ˜Sl(2,R)(κ, τ) be a compact two-sided
surface of constant mean curvature H, and let λ1 stand for the first
eigenvalue of its Jacobi operator. Then
(i) λ1 < −2H
2 − κ+ 2τ 2,
(ii) λ1 < −4H
2 − 2κ+ 4τ 2 −
8pi(g − 1)
Area(Σ)
.
Proof. Since κ < 0 we get κ − 4τ 2 < 0, so the proof is the same that
the part (b) of the above theorem. 
Corollary 3.11. Let ψ : Σ2→ ˜Sl(2,R)(κ, τ) be a compact two-sided
surface of constant mean curvature H.
(i) There exists no strongly stable CMC surface with H2 ≥ τ 2−κ/2.
(ii) If Σ2 is a strongly stable CMC surface and H2 < τ 2−κ/2, then
Area(Σ) |H2 − τ 2 + κ/2| > 2pi(g − 1).
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